Introduction
The purpose of this paper is to construct faithful representation of twisted toroidal Lie algebra of type ADE. Twisted toroidal Lie algebras are universal central extensions of N + 1 twisted muiltiloop algebras. If N = 0 they are precisely the twisted affine Kac-Moody Lie algebras. In the process we recover the main results of [EM] , [MEY] (homogeneous picture), [B1] and [T] (principal picture) for the non-twisted case. These works have applications in the solutions of differential equations. See [B2] , [ISW1] and [ISW2] . We expect similar applications for the twisted case also. Though the idea is the same our proofs are much shorter than those in the above works. The paper can be seen as a generalisation of certain results of [LW] .
Let G be the simple finite dimensional Lie algebra over the complex numbers. Let A be a Laurent polynomial ring in N + 1 commuting variables.
Consider the multiloop algebra G ⊗ A, its universal central extensionτ the toroidal Lie algebra. Let θ be an automorphism of G of order m. Then θ can be extended to an automorphism ofτ (Section 1). Then the subalgebra of θ fixed points insideτ is called twisted toroidal Lie algebraL (G, θ) . It is the universal central extension of the underlining multiloop algebra (See [BK] ).
In Section 1, we define a category C k ofL(G, θ) modules which satisfy a factorisation property first introduced in [BY] . The factorisation property is not satisfied for a general class of integrable modules. But there are enough of integrable modules which satisfy the factorisation property. For example the vertex representation defined in [EM] and the representation considered in [BY] satisfy factorisation property.
Next by following [LW] closely we define toroidal Z-algebras (1.10) and define a category D k -of Z-algebra modules. We then prove the important Proposition (2.6) which says that the categories C k and D k are equivalent.
Thus by constructing a Z-algebra module we get a module forL(G, θ).
In section 3 we specialise to the homogeneous picture for the nontwisted case of type ADE. We construct a module for the Z-toroidal Lie algebra closely following the results of [LP] . Thereby constructing a module for L(G, I d ) ∼ =τ which is faithful. This recovers the main result of [EM] . Our calculations are certainly much shorter.
In Section 4 we specialise to the principal picture. This includes the twisted and nontwisted toroidal Lie algebras. We again construct a module for the Z-toroidal Lie algebra by making use of the corresponding results for the affine Kac-Moody Lie algebra from [LW] . We have to consider the additional Fock space for this purpose. Thus we get a module for ourL (G, θ) .
This result recovers the main result of [B1] and [T] . Again our proof are much shorter. The twisted case is completely new.
In the process we have given the following realization of twisted toroidal Lie-algebra. Let π be a Dynkin diagram automorphism of G. Define an automorphism θ of G as in the section 4. Then we prove thatτ (G, θ) ∼ = L (G, π) . This is what is called the principal realization in the affine case.
The isomorphism is given explicitly in twisted case and it is completely new even in the affine case (Proposition 4.10).
Section 1
Let G be a finite dimensional semisimple Lie-algebra over the complex numbers C. Let <, > be a non-degenerate symmetric G-invariant bilinear form on
be the ring of Laurent polynomials in N +1 commuting variables. Let r = (r 1 , · · · , r N )ǫZ N .
Let t r = t 
Then the toroidal Lie-algebra
It is known that τ is the universal central extension of G ⊗ A. (See [K] , [MEY] ). (First note that the toroidal Lie algebra defined by m = 1 is isomorphic to the above). Let h be a Cartan subalgebra of G. Let θ be an automorphism of G such that θ(h) = h and of order m. Assume that the form <, > is θ-invariant that is < θx, θy >=< x, y >. Let Z m = Z/ mZ be the cyclic group of order m. Let w be a primitive m th root of unity.
. Define x i = x i for iǫZ and iǫZ m .
Extend the automorphism θ to τ by θ(x(r 0 , r)) = w −ro θ(x)(r 0 , r) and
Extend the automorphism θ toτ by θ(
Consider the θ fixed points ofτ sayL(G, θ).
Since <, > is non-degenerate and G-invariant, its restriction to h is also non-degenerate. We identify h and h * via this form. Let φ be the root system of G. For βǫφ, choose the corresponding non-zero root vectors
Clearly the set of roots φ is θ-stable. Then define η(p, β) a non-zero scalar such that
For any vector space V and for indeterminates
n ] denote finite formal Laurent series. We recall the following Proposition from [LW] . Definition δ(ζ) = i∈Z ζ i ∈ C{ζ}.
For any infinite series
Proposition (1.5) The following relations hold for x(r, ζ) and k 0 (r, ζ m ).
In fact they define a Lie-algebraL(G, θ). For β 1 , β 2 ǫφ, r, sǫZ N .
(
Proof (4) follows from the definition of (Ω A /d A ) 0 . (5), (6), (7) and (8) are easy to see. First consider the following:
Where
From the proof of Theorem (2.3) of [LW] it following that
and not a root.
Thus for x = x β 1 and y = x β 2 , F equals to the first and second term of RHS in (1). For G 1 and G 2 , first note that < x i , y j >= 0 if i + j = 0(m) by (1.2). Thus
This completes the proof (1). To see (2), take x = β 1 and y = β 2 . Then F = 0. From (1.5 (1) and 1.5(2), (2) will follow. To see (3) take x = β 1 and y = x β 2 and note that G 1 = 0 and G 2 = 0 and F is equal to RHS of 3. This completes the proof of the Proposition (1.5).
Now we define a category C k ofL(G, θ)-modules.
Assume for any z there exists
Remark (1.7) Condition (3) is not satisfied for most of the modules. But there are enough of them which are sufficient for a realization of L(G, θ). For examples vertex operator representation of [EM] satisfy the condition (3) as well as the representations considered in [BY] .
The bracket is given by
Clearlyh is Z-graded. Let M(k) be a Verma module of level k forh. Then it is a standard fact that M(k) is irreducible whenever k is non-zero.
see Proposition 5.4 of [LW] .
We now define toroidal Z algebras. Notation as earlier. For αǫφ, rǫZ N let Z(α, r, ζ) be a series in ζ with integral powers. For rǫZ N let k i (r, ζ m ) be a series in ζ m . The toroidal Z k -algebra or simply Z k -algebra is spanned by the components of Z(α, r, ζ), k i (r, ζ m ) and h 0 , by the following relation.
(1.10) Relations α, β, β 1 , β 2 ∈ Φ, r, s ∈ Z N .
(1)
As it is we do not know whether a Z k algebra is non-zero or not but certainly it is well defined.
(1.11) Definition A Z k module W is said to be in the category D k if
(1) k 0 acts by scalar k.
Assume for any given z there exists
Section 2
In this section we establish equivalence between the categories C k and D k .
The proof are very similar to [LW] . In fact most of the results go through.
Let V ǫC k . Define for βǫφ.
We first prove that these Zoperators satisfy relations in (1.10).
We first recall the following from section 3 of [LW] . We are taking a = h and m = 0 (in decomposition (3.5)) in [LW] .
where
Proof (1) a and b follows from the definition. To see 1(c) consider
. Now 1(c) follows from the definition.
(1)(d) follows from similar argument.
(2) and (3) follows from definition. See also Proposition 3.2 and 3.3 of [LW] .
(4) follows from Proposition 3.4 of [LW] .
(5) follows from similar argument of Proposition 3.5 of [LW] .
Proof (1) Follows from above. (2) is easy to see.
Proposition (2.3) (Proposition (3.9) of [LW] ).
Let W be a vector space and let
where each w ij ǫW and suppose for some nǫZ either w ij = 0 where one of i or j > n or w ij = 0 whenever i or j < n.
Proposition (2.4)
Proof Consider
from 4 (a) of Proposition (2.1).
(by 5 (a) and (b) of Proposition (2.1).
Multiplying both sides by the inverse of the first factor on the right, and subtracting the expression obtained by interchanging the roles of the subscripts 1 and 2 we have Proposition (2.4).
Proposition (2.5) For these Z operators the relation at (1.10) hold.
Proof (2) to (6), holds from definition of d i . Since V ǫC k we have
Thus (1) holds from definition of Z operator. (9) holds from Proposition 1.5 (6), (10) and (8) are easy to see. We only need to prove (7). The RHS of the Proposition (2.4) and by using Proposition 1.5 (1) is equal to
.
For E 4 we use Proposition 2.3 (2) (a = w −p ) and Proposition 2.1 (2) (b).
Thus we get
We will use the fact that
So we get
Note that the second term is −E 2 by (2.6). Since θ p β 1 + β 2 = 0 we have
Now adding E 1 , E 2 , E 3 and E 4 we get the defined result. Thus we proved
The central elements to be same. Since W ǫΩ k . The operators X α (r, ζ) and
Conditions 4 to 7 of Proposition (1.6) are easily satisfied as the corresponding conditions are satisfied for Z-operators.
Condition (3) can be proved exactly as in the proof of Proposition 5.3 of [LW] . Condition (1) is satisfied as the same relation holds for Z-operators and Z operator commutes with
See Theorem 2.4 of [LW] .
[β 1 (r, ζ 1 ), β 2 (s,
Now by Proposition 2.3 (2) we have
Thus we have proved the following:
Proposition 2.6 The category C k ofL(G, θ)-modules are equivalent to the category D k of Z k -modules.
Section 3 (Homogeneous picture)
In this section our aim is to construct a faithful representation for the un- This recovers the main result of [EM] . For this we give a representation for the Z−algebra such that the centre acts faithfully. Thus we have a faithful representation for the toroidal Lie algebra τ .
We take the automorphism θ = id. We first give a presentation for the Lie-algebra G. Let
• Q be the root lattice spanned by simple roots. The nondegenerate form is chosen so that (α, α) = 2 for a highest root α. Then it is known that
The following cocycle on
Q is known to exists.
ǫ :
Note that ǫ(α, α) = ǫ(α, −α) = −1 for αǫφ. Then there exist vectors
x α , h α in G αǫφ satisfying the following:
Define a non-degenerate bilinear form on Γ extending the one on 
Consider the Fock space
Define operators α(0) on V (Γ) by
δ(n)u is multiplication if n < 0 and differentiation if n > 0. This is the standard Fock space representation of h ⊗ C[t,
Consider the vertex operator
is known that each k i (δ, z) acts non trivially and
is the one given above. (see Lemma C of [EM] ).
We will now define Z operators. Define Z(α, 0, ζ) = ζ
rally as grading on Z(α, r, ζ).
We will now check the relation at (1.10) for the above Z-operator. (1) to (6) are clearly satisfied from definition. We will rewrite the relation (7) using the fact that θ = Id and m = 1.
(3.3)
Suppose r = 0 and s = 0 then (3.3) follows from Theorem 5.3 of [LM] . For general r and s, consider L.H.S of (3.3) which is equal to
from Proposition 2.3 (1). The case β 1 + β 2 / ∈ Φ ∪ {0} is trivial. For the case
is equal to the first term of 3.3 which follows from Proposition 2.3(1).
This completes the proof of (3.3).
Section 4 Principal realization
Let G be a simple finite dimensional Lie-algebra. Let π be an automorphism of order K(= 1, 2 or 3) induced by an automorphism of the Dynkin diagram of G with respect to some Cartan subalgebras h of G. Let ǫ be K-th primitive root. We will now extend the automorphism π to
The aim of this section is to prove that L(G, π) ∼ = L(G, θ) where θ is a special automorphism depending on π. This is a generalisation of the standard principal realization of affine Lie-algebras given in [KKLW] .
To do this we first have to define the automorphism θ. For i ∈ Z, let Fix a Cartan subalgebra t of of
be a corresponding set of canonical generators of G [0] . Let E 0 be the lowest weight vector of
, and let F 0 be the highest weight vector,
Let ψ 1 , · · · , ψ ℓ ǫt * be simple roots of G [0] , and let ψ 0 ∈ t * be the lowest weight
is an indecomposable affine Cartan matrix (see [LW] and [KKLW] ). Let a 0 , · · · , a ℓ , a (see Table K of [KKLW] ).
(4.3)
Note that from above tables we see that a 0 = 1 always. Recall from [LW] that (4.4) ℓ j=0 a j ψ j = 0 and
to the affine Lie algebra corresponding to A.
Let s = (s 0 , · · · , s ℓ ) be a sequence of non-negative integers, not all 0.
Define an automorphism θ of G by the condition
Then θ defines an automorphism of G of order m. See [LW] . Then from section 1 we can define L(G, θ). Our aim in this section is to prove
which is what we call principal realization of toroidal Lie algebras.
(4.6) As earlier <, > be a non-degenerate G-invariant bilinear form on G which is necessarily θ and π invariant. This form <, > remains non-singular on the Cartan subalgebra t of G [0] . See section 8 of [LW] .
Using the restricted form we identify t and t * . We normalise the form <, > such that (4.7)
Then we have a 1 j = K < ψ j , ψ j > a j /2 for j = 0, · · · , ℓ. (see [LW] ). Now we have the following s-realization of the affine Lie algebra G from [KKLW] .
(4.8) Proposition ( [LW] , [KKLW] )
Then there is an isomorphism of affine Lie-algebras ϕ : G → G defined by
forms a set of canonical generators for the affine Lie-algebra G. Here the Lie bracket G is defined by the bilinear form
As we are interested in the principal realization we take s = (1, 1, · · · , 1).
(4.9) Remark. The π-invariants of h equal to t. In particular they are (
ro where x α ⊗ t r 0 is a real root vector of G.
N(α) is an integer independent of r 0 but depends on α.
Here [x α , x β ] could be part of real or imaginary root.
Proof Let x α ⊗ t r 0 be a real root vector of G. Then G is spanned by
and C. We have from (4.4)
From Proposition (4.8) we have
(We are using (4.10), (4.7). This implies ϕ(C) = C by (4.3).
(2) Clearly ϕ(x α ⊗ t r 0 ) = x α ⊗ t N for some integer. Write N = N α + r 0 m K for some integer N α which may depend on r 0 . Clearly w(x α )t
Now apply ϕ both sides and the bracket takes place in G
Since ϕ(C) = C we have
As h α is independent of r 0 it follows that N α does not depends on r 0 . Now consider the following in G.
As earlier apply ϕ both sides
This proves (3). For (4) suppose < x α , x β > = 0. Since <, >is t-invariant, it follows that α + β is zero root. (root with respect to t). Thus [x α , x β ] is a part of imaginary root and so [x α , x β ] ∈ h. Since π is an automorphism we
Let π(x α ) = e i x α and π(x β ) = e j x β . Since < x α , x β > = 0 it follows that
+ < x α , x β > NC for some N.
Notation as in section 4. Consider the cyclic element E = ℓ i=1 E i ǫG (1) . We make the assumption that the θ-stable Cartan subalgebra t is the centraliser of E. (See [LW] for details).
Let t 0 = t⊕Cc⊕Cd. Let L(λ) be a basic module forL(G, θ) where λ ∈ t * 0 . We renormalize the root vector x β , β ∈ φ such that [x β , x −β ] = −2/ < β, β > and η(p, β) = 1 for all p ∈ Z m and for all β ∈ φ. As in theorem 8.7 of [LW] choose coset representatives β 1 , · · · , β ℓ for the action θ on φ such that (β 1 ) 0 , · · · , (β ℓ ) 0 is a basis for t. Let C j = λ(x β j ) 0 .
Propostion (5.1) We have the following from section (8) of [LW] .
(1) dim Ω L(λ) = 1 Dδ(w −p ζ 1 /ζ 2 ).
Proof
(1), (2) follows from section 8 of [LW] . For that just note that η(p, β) = 1. (4) follows from Theorem 8.7 of [LW] as Z operator defined in (2) satisfy (8.21) of [LW] . We are also using the fact that a 0 = 0. Γ be Thus (5.3) equals to the R.H.S. of (7) of (1.10)
